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Abstract. Investigations into possible multiphoton laser systems are extended to a less
restrictive class than considered in the previous paper. The loss mechanism for the light
field is now taken to be a single-photon loss. These systems no longer preserve the property
of detailed balance. However, approximate solutions to the laser Fokker-Planck equation
may be obtained using a method recently developed by Haken. Explicit solutions are given
for the stationary photon distribution for the two-photon laser. This exhibits similar photon
statistics to the usual one-photon laser, with no significant increase in relative fluctuations
at threshold. The results are equally applicable to multiboson lasers involving say the
simultaneous stimulated emission of a photon and a phonon.

1. Introduction

The aim of this paper and the preceding one is to give a quantum-mechanical description
of multiphoton lasers, that is, lasers in which the atomic lasing transition involves the
emission of more than one photon. In the preceding paper (McNeil and Walls 1975)
we examined a special class of such lasers for which detailed balance was satisfied. The
loss mechanism for the light field in these lasers was multiphoton absorption of the same
order as the stimulated multiphoton emission generated by the pumped atoms. This
rather restrictive loss mechanism was introduced in order to preserve detailed balance.

In this paper we consider a less restrictive class of multiphoton lasers which have a
single-photon loss mechanism. Obviously detailed balance does not hold for such lasers,
and this makes analytic solutions of the laser equations more difficult. However, we may
obtain reasonable approximate solutions to the Fokker—Planck equation describing
the behaviour of the multiphoton laser using a perturbation technique recently developed
by Haken (1973a). This method has been applied so far to interacting chaotic boson
fields (Haken 1973b) and to the usual one-photon laser (Haken and Wohrstein 1973,
Haken 1973c).

We illustrate how this method is applicable to the general case of the multiphoton
laser and obtain explicit solutions for the two-photon laser. We consider both the
single-mode and two-mode cases and compare the results with the corresponding results
for the usual one-photon laser. The results obtained are equally applicable to muitiboson
lasers involving the simultaneous stimulated emission of a photon and a phonon.
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112 K J McNeil and D F Walls
2. Model and analytical approach

We adopt the same model for the multiphoton laser as described in paper I, except the
loss mechanism for the light field is now a single-photon loss. Thus, in place of equation
(12.5) the Hamiltonian describing the photon loss assumes the form

HFRF = bl—};'{"bTFF (21)

The density operator for the coupled atom field system obeys the usual equation of
motion in the interaction picture

i
S = 1 Hu 61+ A @2
where the operator A describes the irreversible behaviour incorporating the loss and
pumping mechanisms.

The quantum-mechanical operator equation (2.1) may be converted to a classical
Fokker-Planck equation for the distribution function f(u;, u¥, v, v*, D) using standard
methods (Haken 1970). The distribution function is related to the density operator via
the transformation

f= mfexp[—i(z Brur+ Y Bjuj+§*v*+€v+%CD):| Tr(Op) 1‘[ d2g; (2.3)
i i j=1

n n
0 = [] ¥t J] elfrts eSS ¢itSe, (2.4)
i=1 =1

The classical variables u;, v, D and their complex conjugates correspond to the
quantum-mechanical operators as follows:

u; b, u}"<—+b}
ve ST, ¥ 8T (2.5)
D 2S,.

u;, uf represent the amplitude of the field mode j; v, v* represent the atomic dipole
moment, and D represents the atomic level population inversion.
The resulting Fokker—Planck equation may be written, in the steady state, as

Lf = (Lo+L+Ly)f =0. (2.6)

The operator L has been split up as follows:

. 0 0
L,= —ig vu2u3...una+vu1u3...u,a{—+ e OUy Uy —
1 2

G,
-D e Uy— *Uy o Uy —— i ivati in u’
Uy, u,,av+20 Uy u,,aD cC+ higher order derivatives in u’s
2.7

1 1 o*

R
= —pl— —p* — PR
Ly 2"(au”+au*” )+2N"auav* 28)
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i 3 0 1 (e @ i
Z [ ( 2 *u"‘)+2xjnja aF ]+ y”(a +%v*)+Nw12———avav*
2

8
, 2.9
3D (2.9)

+'))||-5'5(D—D0)+'))”N
L, represents the basic atom-field interaction. L, and L, represent the effects of the

reservoirs. N is the number of atoms.
n is the atomic phase decay constant. 7 is the longitudinal relaxation time, with

'}’H =w12+w21. (210)

D, is the atomic inversion due to pumping and incoherent relaxation processes from the
atom-reservoir coupling alone, and

Wi —w
D, = 12 21; (2.11)
Wyt wy,
wy, and w,, are the reservoir-induced transition rates between atomic levels 1 and 2.
x; is the cavity damping constant for the jth photon mode, and 7; is the mean photon
number in the thermal reservoir for the jth mode.

3. Solution of the Fokker—Planck equation

To solve equation (2.6) we adopt the general method described in detail by Haken
(1973a). First we must seek the fundamental solutions, or constants of motion h;, of
the unperturbed equation

Lof = 0. (3.1)

We then require that L be such that any function of the constants h; is again a solution
of (3.1).
We obtain the following constants of motion for L:

ho = [Tup*+[Jutv (3.2)
J j

= |v]*+3D? (3.3)

hy = juy|*+3D (3.4)

hjvy = |“1|2—|uj|2, j=2.... (3.9

The perturbation technique assumes k;, v, n are much smaller than g, and involves
the solution of (2.6) in the subspace of variables spanned by the ;. Following Haken and
Worhstein (1973) we assume 1 » k;, 7, so that a further perturbation may be taken on
L f=0

If we assume a strong phase damping, the terms in h, may be dropped. This assump-
tion also ensures that L, has the desired property that any function of the h; is again a
solution of (3.1).

In this case, the equation L, f; = 0 is then

L1fo(hhh2w--)= 0 (3:6)
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which has the solution (Haken and Worhstein 1973)
fo=e72Nfi(hy, by, ) (3.7)

where f] is to be determined according to the perturbation method. The Fokker—Planck
equation (2.6) is converted to one in the subspace spanned by the h;, giving

0 0 .0
— GV + _Gu-n_)f (h)=0 (3.8)
(;ah, Z,.;ah,. oh;" ™

where the G’s are as prescribed in Haken (1973a).
To eliminate h,, we insert the form (3.7) in (3.8), and integrate over h;. This yields

(Z %-(GUMLGU H+ ¥y ¥ ai G“J) )fl(hz,... (3.9)
j#1 i#1 j#1
where
G@P = f dh,G*P exp(—2h,/N), B#1
0
and

GUb = f dh, GO0 exp(—2h,/N). (3.10)
0 Oh,

(3.9) is our final equation, which is to be solved for the desired system.

4. Application to two-photon lasers

4.1. Two modes

Here we take the atomic de-excitation to involve the emission of two photons, into
distinct modes. The interaction Hamiltonian is then

Hint = hg(s_blb£+s+b1b2) (4.1)

with the corresponding Fokker—Planck operator

. 0 0 0
Ly, = —ig vu}‘éu—l+vu‘{‘a:—Du1uza —2uqu,v* D

~cC+ higher order derivatives in u,, u,]. 4.2)

The constant of motion besides h, and h, is
= |ug|® —Jupf*. 4.3)
The Fokker—Planck equation (3.9) is:

Gen_ 0 g —Ge. Zli

0 A d
— (G G224+ G4 GB.Y
[ahz( )+ ( A e TR
O ayy O @ A
+ ath‘z e W }fl(hz, h) =0 (4.4)
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with

G(a) = J‘ dhl j d2u1 d2u2 dzv dD 5(’11 _hl(v’ D)) é(hZ_hZ(ul s D))
0

x 8(hy — h3(uy, u2))Q® exp(—2h,/N) 4.5)
Q2 = 2x1|u1|2+%’y”(D—Do) 4.6)
QP = 2, |uy|> = 2icplu|? 4.7)
Qb = %y“NDa—i; (4.58)
Qe =0 (49)
Q23 = QB2 = 2,7, |u,|? (4.10)
QD = 2,7 |,y |? +IV||N (4.11)
Q33 = i, 71, |uy |2 + 2,75 u,) . 4.12)

Evaluation of the non-zero integrals gives:

G® = n3N{3(2x, — 7N exp[—2(hy —m)*/N]+ (2K h; —$Dqy | )(h,, h3)} (4.13)
G = 3N {¥x; —12)N exp[—2h, —m)*/N]+2[(xc, — Kk ;)hy + K ,5h3)I(h,, h3)} 4.14)
G*Y = LnN3y, exp[ —2(hy —m)*/N] (4.15)
G2 = G2 = g3N{§x,,N exp[—2(h, —m)*/N]+ 2k, 7 hyI(hy, h3)} (4.16)
G2 = n3N{3x, 7, N exp[ —2(hy —m)*/N]+ 2k hy + 3y N (h2, h3)} 4.17)
G = n3N{¥(k,7; + K,7i5)N exp[— 2(h, —m)?/N]

+2[(k 1By + KoTig)hy — KaBish3)I(hy, h3)} (4.18)
where

m = max(0, h;) .19

(hy —m) 5
I(hz, h3) = f e_zx IN dx-

In most applications 7 is vanishingly small, so we may set 7,71, ~ 0.
Hence (4.4) reduces to

(62 {IMNexp[ 2(hy —m)*/N]1+(2kshy — Doy (s, )}

62 { (k1 —K2)N exp[—2(h2—m)2/N]+2[(x1—Kz)h2+xzh3]l(h2,h3)}

d |1
o (4v||NI(hz, 3)) )fl(hz, hs) = 0. 4.20)

We anticipate h, = n, +4D and h,—h; = ny+4D ~ NV? around onset of lasing,
so that for large N, we may set the upper integration limit in I(h,, h3) to be oo, so that
I(h,, h3) becomes (3nN)'/2. Further, the terms «; exp[ —2(h, —m)?*/N] may be ignored
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when compared with the other terms in (4.20). Hence (4.20) becomes

G,
(ah2(2K1h2 Do?n) 2[(K1 K2)hy + K3h3) +4?1|Nah2)f1(hzs hy) =0 4.21)
which has the solution

_ (k1 + K3)?
Silhy, hy) =N exPl: ZN},”(KI_KZ)z

DoVn(Kx“Kz) Do?u(Kz"'ﬁ) _
T hy+ K+ K, (ks h3))]
provided x; # k,.
The distribution for the light field alone is obtained by inserting (4.22) in (3.7) to
obtain the full distribution, and then integrating over v and D:

filny, ny) = A exp{2d[— qyn; —qany + by(1 — B)nt + by(1— By)n} + 8pnyn, ]} (4.23)

where

8K1K2

( Kk1h3 +2K5(hy — hs)? — hz(hz —hy)

Ky—

4.22)

d = (k; +K3)* /(s — K3)?
g1 = —q; = (Do/N) (k1 — k2)/(K1 + K3)

b; = 2x;/Ny,

B; = b;/(b+c) (4.24)
b = 2(k,+k,)/Ny,

¢ = 1/2N.

p = 1/{k; +x3)—1/(Ny(b+c)).
Integration over mode 2 (say) gives the single-mode distribution :

f(n)) = A explain, —bi(1 - Pni] (4.25)
where

ay = 2Do/N(1-B,)

by = 2b,/(1-B>) (4.26)

B = b/(b+c)

Since k; « y, in practice, B « 1, and hence (4.25) reduces to the well known result of
photon statistics for the usual one-photon laser (Risken 1965). An analogous expression
is obtained for the distribution of the other mode. Equation (4.25) shows that in this
theory for the two-photon laser, each mode separately exhibits lasing action of the usual

type.
If k; = k; = k, say, the solution of (4.21) is

S(ny, ny) = &(n, —n,) expla(l — P)n, — H(1— ﬁ)"ﬂ 4.27)
where
a= 2D0/N
b= 4K'/')’||N
(4.28)
c=2/N

B = bj(b+0).
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The above results apply equally well to two-boson lasers where for k; # «, the two
bosons need not necessarily be of the same character. For example, a particular two-
boson laser may involve the simultaneous stimulated emission of a photon and a phonon.
Experimental descriptions of such lasers have already been given (see Johnson et al 1963,
1964, Johnson et al 1966, where further references are given).

4.2. Single mode

Here we consider the two photons to be emitted into the same mode. The interaction
Hamiltonian is thus

H,, = hg(S™b'2+S*b?). (4.29)
The constants of motion of interest are
= [v|> +4D? (4.30)
h, = [ul*+D. (4.31)
The Fokker—Planck equation in the #, subspace is
0 0 4
—(G G+ G 1))+ G 2) f1 h)=0 (4.32)
6h2 2
where
G® = n2N[(Qihy — 7 Do)l(h)+ 2k~ N e~¥/2N] (4.33)
G = n"Nzy“ e~ h3I2N (4.34)
G*D = n2N[(2xih, + 7, N)I(hy)+ 2xii e M2V (4.35)
where
ha
I(h,) = f e ¥V dx, (4.36)

The solution of (4.32) is
ha o 2KN e MI2N L (2ichly — Doy ) (HYy)
= — dh' Lalie 2l
Jilhg) = ¥ e"p( f 227 e AN 1 (Quciibly + 7 NYI(Iy)

Around threshold, the x e *#/2¥ terms may be ignored. Further, 2xiih} « N, s0
that near threshold,

filhy) =~ N exp( ——-1\-,h2 °h2) (4.38)
Y

4.37)

Substituting (4.37) into (3.7) and integrating over D and v give the boson field
distribution

f(n) = A expla(l — Byn—b(1 — B)n?] (4.39)
where

d = Do/N

b= /1N 440

c=1/2N (440)

B = b/b+o)

For ﬁ « 1, (4.39) reduces to the usual laser threshold distribution.
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5. Comparison with the one-photon laser

In the limit ¥ «< 7, « < g, the photon distribution in an ordinary laser is (Haken and
Worhstein 1973)

f(n) = A explan—bn?) (5.1
where

a= 2D0/N (5.2)

b = 4K/'})“N.

b is the non-linear parameter, and a is the threshold parameter, with a = 0 (i¢
Wy, = Wy,) giving the threshold.
The mean at threshold for distributions of type (5.1) is

1
My = @) (5.3)
and the threshold variance is
1 1}1 1
L=z t—s 5.4
Tine (2 75" () 4
The square of the relative fluctuation at threshold is
2
Oihr 1 (55)

g, En—1)+@h)?

The one-mode distributions for the lasers we have discussed have the same form as
(5.1), but with modified parameters a and b, so that the threshold mean, variance and
relative fluctuation will take the same form as equations (5.3) to (5.5).

In the case of the two-mode two-photon laser, the single-mode non-linear parameters
are the same as for the corresponding one-photon laser (ie one with the same y, and
K, see equations (4.24) and (4.26)). Thus, for this two-photon laser, {n),, oy, and
O/ <Ny, are the same as for the corresponding one-photon laser.

In the case of the one-mode two-photon laser the non-linear parameter is one
quarter that of the corresponding one-photon laser (see equation (4.40)). Thus {1y,
will be increased by a factor of two. o3, will also be altered. Since b « 1, to a good
approximation we may write

O = LI L (5.6)
2 =nlb
and
Othr 1 12
W~ G- 1)V2, ,
gy = ) (5.7)

According to equation (5.6), the width g, is increased by a factor of approximately
two. This result is not unexpected, since recent work on two-photon emission
(Lambropolous 1967, McNeil and Walls 1974) shows that the two-photon emission
process is noisier than the one-photon emission process. However, we observe that,
under the approximation (5.7), the relative fluctuation is the same as that for the
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corresponding one-photon laser. Thus the effect of damping is to inhibit the noise
somewhat, and allow the production of two-photon laser light with no significant
increase in relative noise over the one-photon laser.

6. Conclusion

We have shown that it is theoretically possible to obtain a photon field distribution for a
multiphoton laser which has qualitatively the same form as the usual laser threshold
distribution. This distribution function exhibits a close analogy with the distribution
function describing the threshold region of a phase transition (Graham and Haken
1970, De Giorgio and Scully 1970, Grossman and Ritcher 1971). Hence we may say
that the separate field modes exhibit second phase transitions far from equilibrium in a
like manner to the one-photon laser. In the case considered in this paper the order
parameter is again the number of photons in the mode.

In the two-mode two-photon laser we find no significant difference in the threshold
means and widths compared with the one-photon laser, implying that the modes behave
separately rather like the usual one-photon lasing modes. The single-mode two-photon
laser exhibits an increase in variance and mean by a factor of approximately two at
threshold, although the relative fluctuation a,,/<{n),, shows no significant difference
from that for the one-photon laser. Non-thermal light distributions may also be
achieved for higher-order multiphoton lasers with a corresponding increase in the
variance and mean of the single-mode distribution.
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